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Or. Waller Jacobs. Departriont of D-fcnsc 
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b^^NCLTS P^NS /CO XbCO'MEXTATiONS. First of all; it is clear that the 



d-.-V',lonr.enr of an entirelv neW class of puzzle-probler.s o- gar:es is a very 
difficul: undertaking. T:;e abilities required are not unlike those rec':irec 
— ....... • entii-vCv new line of riatben::! t ical research- The essential 
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Finally. :hc par:iclpan:s wish to expr-ss their apprec iacioa for the 
jhecrfu:! and hc.irty coopcr::::.on of the S:-:^G staff. 

?^ Dilworth. Ch^irmari 
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This chart proviiuG many ;.pp'.>rtunili,es I'or Gtudmlc t.) rccotniize patterns 
and make discoveries which art- reiaird to rich areas in inathomati cs . 

A teacher inicht start cut by iistin.- the powers el' 2 dom the chalk board in 
order and ask for studt-nts to rrntinuo -ivLn- entries according to the pattern 
the teacher has in iiLind. A sliilI. lar aetivLty can be pvrl\;riued for the primes 
across the top. 

At this point w.> will diver^re briL^riy from thf major topic at hand to 
record an activity, broa;^ht out in .:.:;r diseussions, which relates to prime 
numbers . 



Tl-ip children arv- jjiv'':. l: 
ehif)G, p"ri'., •'tc.-.-niil asked o.'O \ 
can form with a j^iv.'n niunber of eount'/rs 
to be the j.-t.-nc as any otht.^r n by m a 
n array. ••: -ri child should onduct hir; 
finding's in a tab:- like this t U' : 



\V])t' f cc ;.nlf->rs-.-ponries, pebbles, checkers, 
i.'iany diff^^rent rectan^oilar arrays they 
'^ny n by m array is considered 

well as the same as any m by 
1 ^ >- 'ri.ments and summarize his 
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Niunber of hcctan^:ular Arrays 
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Stud^>nts may n w br- t^ Id that th;-;-- numbers for which there is only one 
i-ectanralar array a r- 'Ai' :■>•::::.■ !/.;jrb.-rs (except for the number one which is or 
isn't depend. n;: unon thv d' finiulon r particular author). This activity could 
be carried on aiori;- with ,;ettir:^: kids to discover the pattern across the top 
of the ohart. Upon lookin^; ,at the tabl^. venerated from investigating rectangular 
arrays, a student m.i^dit. br; MG>.-a qursti.ons similar to the following. 

Is thr.-i'e a ni.ijiii ■ 
may be formed? 

H^.:w many rectan,- 
has six? 

Hew many recta Mi 
factors has nine? 

Find a numb-i^ b-tw'-n ;;0 and ; 00 viiich has 'exactly j factors. 
How many such n'^unb^.-'i'S are- th^-re? 

The activity rf lormin:; rectar,;; : -r^s can also be lowered down into the 
primaiy ^.-rades to teach mu! tlpLlcati-;::, d. liio Advanced Montessori Method 
Vc 1. II_by Maria M< ntess.-.ri . ^ ' 



:*or whi'-ii riu rf- t:.an two rectangular arrays 
-S car. b*' i'(,r::b'd with six tokens? How many factors 



cari 



I'irrmed w: th nine tokens? How many 
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In filling the powers ul' two-prime chart, col.Luan by column students recogniz 
:nany patterns and are rewarded by this recognition Gince following the patterns 
greatly speeds their task. Hcwover, soon even the patterns become difficult to 
construct. This motivates -Jtud^^nts to mitkv further discoveries which are 
imnedlately rewarding. 

A very satisfying discovery Is to abandon the set rules to divide a prime 
into the various powers of 2 and merely begin to double the previous remainder 
and record the excess above any multiple of the prime in question. This serves 
as a t'ovd Luti'oductLon ur application t^^ raol'ilar 'irltiLTietic as well as some of 
the basic theorems on congruence such as Feriruit's Little T: ^orem: 

W]if--n p ip prime and a is not divisible b\ 
a^' - ^ E 1 (mod .0 
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A PROBLli^l IN DIVIDING FRACTIONS 



Take the first five prime numbers 2, 3, s, 7, 11 and write them with 
four division surj\s of unequal length in the followin/^ way: 



11 

I'he value of this e>-pre5Sion is giveri by the rules that (a) the longest 
division sign is applied first, and (b) this rwle is repeated until a simple 
fraction is obtained. Successively, one gets 

3 

' ± " ^ ^ 11 • ^ " 3 X 11 

11 

The final result need not be multiplied out. 

By putting the division signs in a different sequence, a different value 
may be obtained. Thus, 

r - o :^ - n V ^ * o 



_2_ _L 11 

11 

How vAnny different arran/^ements of signs are possible? Do they all give 
different answers? 

Try 2 



11 

Hov many distinct values are posGible? 



T\\e x-'r:.mes are useA so that all reper. It ionn occ ,r only rs a resiilt of 
equivalent arranGemenv.s of sii^ns. Th^^ problem provides c-xanipl^js of non- 
associativity in arithmetic operatior\s, i:;ves practice In handl i,n;.: division 
by multiplyirv- reciprocals, U'Sts accumcy ir^. liandlinfj; compound fractions, and 
is challeru^in,-/: from the com.innfitor;- point of viev, I'or this latter aspect, liave 
tn^'stv.d«?nts loo'r: at the 3ar]ie proi;le:n \nth 2, 3, or h division sh:;^ns and try 
to, fin<l th.e rule for the nuincer of dlsr.lnct vaLj'.:.-; obtained In the general case. 
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LOGIC PUZZLES 

"I don't like spinach and I'm glad, I don't 
because if I did, I'd eat it and I hate it." 

Logic puzzles can be useful in overcoming the purely linguistic difficulty" 
of expressing things accurately in the ambigucus, redundant, variable medium of 
English. The syllogism puzzles of Lewis Carroll are especially good for this 
because the 'absurdity of their content serves to emphasize that only the form 
is of any importance in logic. These puzzles can be found, arranged in a graded 
sequence, in^ "Logical .Nonsen&<', Putnam, 193^, pp. For use with modern 

children, they need to be sifted and modified somewhat. In particular it might 
be a good idea to start with equivalent forms of single . tatements (vhich Levis 
Carroll doesn't have) before going on to multi-statement puzzles. Following are 
a few examples (variants of L. C. assertions). For teaching purposes one would 
want many dozens of these to be worked first by common sense then by more 
systematic methods. 

A. Equivalent forms of single statements. Do the two statements say the same 
thii-ig or different thingo? (Answers below) 

1. .No large birds live on honey. If a bird lives on honey, it is not large 

2. No one, who forgets a promise, fails to do mischief. Anyone who forgets 
a promise, does mischief. 

3. All, who are anxious to learn, work hard. All, who work hard, are 
anxious to learn. 

h. Prudent travellers carry plenty of small cliange. 
Travellers without small charxge are imprudent. 

5. No child is healthy who takes no exercise. 

I? 

Children who exercise^jpe healthy. 

6. Some elderly ladies are talkative 

Some talkative persons are elderly ladies. 

7. Nobody, who really appreciates Beethoven, fails to keep silent when 
the Moonlight Gonata is l)eing played. 

People, who keep silent when the Moonlight Sonata is being played, 
really appreciate Beethoven. 

197 

197 



8. No drug is useful in a toothache, unless it relieves, pain. 
A drug that relieves pain is useful in a toothache. 

9. None btt a hop-scotch player knows real happiness. 
All who know real happiness are hop-scotch players. 

10. ' Whenever I do not take my umbrella it rains. 

Whenever ib does not i -ln, I take my umbrella.- 

Answers: 

1. same 6. same 

2. same 7. different 
3? d t f f er ent 8 . d i f f er ent 
h. same 9- same 

5. different 10. same ^ 

After some practice with these, one can go on to puzzles involving two or more 
statements such as these: 

B. Decide whether the conclusion follows from the two statements.- (Answer below) 

11. "I saw it in a newspaper." 
"All newspapers lie." 

Conclusion: It was a lie. 

12. Every eagle can fly. 
Some pigs canhot fly. 

Conclusion: Some pigs are not eagles. 

13. All, who are anxious to learn, work hard. 
Some of these boys work hard. 



Conclusion: Some of these boys are anxious to learn. 
In each of the following examples, draw a conclusion, if possible. 

ih. All ducks waddle -'. , 

Nothing that waddles i's graceful. 

15. Some unkind remarks are annoying. 
No critical remarks are kind. 

16. Canaries, that do not sing loud, are unhappy. 
No well-fed canary fails to sing loud. 
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'17. V All puddings are nice. 
This dish is a pudding. 
No nice things are wholesome. 

18. Nobody who really appreciates E'^ethoven fails to keep silent while the 
Moonlight Sonata is being played. 
Guinea-pigs are hopelessly ignorant of music. 

No one who is hopelessly ignorant of music ever keeps silent while the 
Moonlight Sonata is being played. 

Answers: 

11. Conclusion does not follow. 

("All newspapers lie" is taken to mean "All newspapers sometimes lie." It 
could conceivably mean "All newspapers always lie." Such ambiguities 
should be avoided at first, later discussed.) 

12. Conclusion follows. 

13- Conclusion does not follow. 
ih. All ducks are ungraceful . 

15. No conclusion. 

16. Some ill-fed canaries are unhappy. (Levis Carroll does not admit the 
possibility that the set of soft-singing canaries is empty. By modern 
standards one should admit this possibility. The important thing, though, 
is to be clear about the rules of the game. One implicit rule is that 
"some" means "one; or more." Another implicit rule that everything 

has at most tvo values: Canaries are either 'well-fed or ill-fed. 
Indifferently fed canaries do not exist.) 

17. rhis dish is not wholesome. / 

18. Guinea-pigs do not really app^eoiate Beethoven. 

These are a few examples to illustrate the tone end difficulty of these puzzles. 
For teaching purposes one should have dozens of them. After doing a great many 
by common sense one could introduce the set interpretation together with the 
usual visual aids (Venn diagrams). This should give the pupils quite a sense 
of power and enable them to go on to harder puzzles involving many statements. 
Severe! such are given in Logical Nonsense (loc. cit) including one vith-tventy 
statements. Other multi -statement logic puzzles can be found in the standard 
puzzle books, but without the Carrollean whimsy they often seem stodgy and 
artificial. 
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Because of its importance In mathematics, one should also practice a lot 
with the if then form. In particular the children should learn the work- 

horse rules about converses and negations. 
Examples: In each set which statements aire equivalent? 

1. No child is healthy who takes no exercise. 

If a child takes exercise, then he is healthy. 

If a child is not healthy, then he takes no exercise. 

2. }]o country, that has been explored, is infested with dragons. 

If a country is infested vdth dragons, then it; has not been explored. 
Tf a country has not been explored then it is infested with dragons. 
If a country has been explored, then it is not infested with dragons. 

One can, of course, i,^o on to more formal lo^-ic systems. Boolean Algebra, switching 
circuits, etc., byit Ibis is really a different subject, mathematics rather than 
linguistics. Puzzles of the Lew's Carroll kind are primarily linguistic: they 
concern equivalences between Toms of Kn^lish sentences. Skill in handling these 
equivalences is essential if on- is to talk about mathematics in the English 
lanp;ua^e. 

Followias is another loi.^ic puzzle that I happen to know and like. 
The District Attorney / 

This is basically a puzzle, but It can be made into a guessing game by 
having someone in'the know act out the part of ch^D.A. Even when people see 
the D.A. in action they often have difficulty divi^ his strategy, which can 
be made more n^'sterious by usin.v different but logically equivalent questions 
each time through. 

One of three suspects is guilty. The innocent ones can be counted on to 
tell the truth, but the f-Jilty one may or may not tell the truth. The D.A. 
is to find out who is guilty with Just two yes-no questions. At first glance 
it may seem impossible to -et any information at all, but the D.A. does it, 
e.g. , as follows: 
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D.A.: (to suspect A) All right A, either you or B did it, right? 
A: No 

D.A,: Then I can orily conclude that C did it. (to suspect B): Will you confirm 
that vC did it?" ' ' 

B: Ye.T • • . • 

,D.A.: Of course. C did it. 

Alternative scenario: 

DiA. : (to C) You look honert. Now tell me the truth. Did A do 1\1 
C: No. , ' 

D.A. :^ (to A) If C were guilty he would have said, "yes" in order to frame 
you. Therefore it must be B... B did it, right? 

A: No 

D.A.: All right C. The jig is up. Honesty will get you nowhere. 
C: But what if I had lied? 

D.A.: I would have found out just the^same. Dishonesty is no better than honesty. 
C: You can't win. ' . 

D.A. : True. 

False Proof by Induction ^ 

At the high school level after students have had Experience with mathematical ' 
induction they should try this one: 

Theorem: In any set of marbles all the marbles are the same color. 

Proof (by induction) Let n be the number of marbles in the set. The theorem 
is certainly, true iT n = 1. / 

Induction ; Suppose the theorem is true for n. Then it is surely true for 
n + 1, for if I remove any marble from a set of n + 1, the remaining ones, 
constituting a set of n, must all be the same color. Since this is true no 
matter which marble T remove, all n + 1 marbLes must be the same color. 



F. W. Sinden 



201 



201 



DOES THE" ORDER MAKE A DIFFERENCE ? 

1. In a single purchase, you are offered 3 successive discounts of 20 
percent, 10 percent, and ^ percent, and can take them in any order 
that you wish. Wht. order would you choose? 

2. Arthur and Bob start a game with equal amounts of "money. Arthur loses the 
first game and pays Bob 20 ..percent of his money. Then Bob loses the 
second gam"e and pays Arthur 20 percent of tha amount Bob has. Do they ' 
again have equal amounts of money? 

3. Mr. Jones has two houses, which cost him the same amount. He sells one house 
at a 10 percent. prof it to Mr. Allen, who resells it to Mr. Barer at a 10 
percent loss. Mr. Jones sells his second house at a 10 percent profit to 
Mr. Dahl. Which paid more, Mr. Baker or Mr. Dahl? 



■ IDENTIFICATION PROBU J^E 

The class of tricks based on what- is generally called Gergone' s Pile Problem 
provide an exaii^ile of the power of numerical coding ^d' an application of place ^ 
system ideas.- A typical version is the following: The "magician", A, aska B 
to -deal 21 distinguishable cards in ? equal piles, to select a card mentally 
and to announce which\ile it is in. A then tells B "to reassemble the cards 
by placing orie pUe on top of the other in any order. A notes the order in 
which the piles are assembled. After two repetitions of this cycle A tells c» 
•B- the position of his card in the reassembled deck. 

If this trick is introduced to a fourth crfifth grade class in its 2 pile, 
h card form an analysis by the cJLass should be possible and can be made to relate 
to binary numeration. The binary form and the general case can be investigated 
at an appropriate later time. 

A complete discussion of several variations of this. trick can be found in ^ 
Martin Gardner's Mathematics , Magic , and Mystery (Dover, 1956). 

W. Jaco^bs 
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A GAME WITH FACTORS AfTO MULTIPLES - 
(Grades h~6) 

The type of game outlir^^d below depends solely on the multiplicative aspect 
of the positive integers. Trie objective is to explore factor relationships and 
incidentally to reinforce direct recall of the multiplication facts basic to 
computation. 

TTie game is based on the g.c.d. and l.c.m. diagram exemplified by 

l.c . m. 

: g.c.d. 

To make a game consider a triangular array of say 10 boxes. 




The game is played by 2, or perhaps 3, players, one of whom might be the 
teacher. Player A begins by, filling in the top box. The other "^'players" in 
turn fill in the other boxes. In a simple version the only rule governing 
permissible entries is that the number put in the top box may never be used again 

The Play 

After an entry is made any other player may challenge the player making it 
to show that the configuration is part of a "factor diagram". If the latter 
succeeds he wins (or scores so many points). If he fails he loses (or his 
challenger scores so many p6ints). At any time a player believes his play * 
makes 'the configuration part of a unique factor diagram he wins (or scores) 
upon convincing the other players of his assertion. 
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Here is^;a play. 




A ■ 


60(10 




20(3) 




'l5(i) 


B • 




5(1) 




5(2) 





This last play can be challenged. 

Additional rules for admissible .entries may be added. It may be reguired: 

for example, that 

i) The entries in row (i) must be relatively prime in pairs, or 
,ii) The entries in row (l) must be primes or 1, or , 
iii) The number 1 may not be used. 

W. Lister 
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•cn-/.': -l-l 'whl -h 'ire I .'il ly r.toch'ictic numler 

'irj ."i-ci- 'h.-; i.^l'iVf^rr vo pla:,'irv piecer. alom? 

l.^r./M. Ir.t' 'r^.ove ielrv let.efminea ly a throw 
!;»'. rii*.' ir/'-p rV in ^''^"^^ r'l-noc Ir. ur.u'iUy r.upplled by 
-Til rvr/il-i'-r I'or ^^oppi:.^ -'i I'i^^' pocUion along the 

- J, i ,/ ,.jY-r,*, -hilln-n - ?ui i cometimec adultc - the 
. 1 , i:.. V- : ir/- Mi^' vi-.y i purely a chance phen- 

j, P. . iin,- o:' v:.e pn^ 'i: :iir-M- prlnclpler. underling the 
: : T'- p» f'^'r^^i '>l'>./''i'. Ta urler raake the ^-ame inrtruc- 
, r-, ' I r.-: i: l^..'. i ;-ho.l(l t ^' pocciblG for t:.e 

: - :irir/::pl'/r oi" proi'iiiiity to improve the 
_ ..■ ,:. ■ !■ • .^l^ rnmij. 

. J. . ,^ - r 1 im? allhou^'ih any dircrete 

, ... ' :. ■„ ; 1 : i . r./rs^-r ^^I' playerr may play and 

. ; , : : .'i.'-r;-. :a '.um t.hrov a pair of dice 
. . ' : ^o t.ho number of dote 

. • ■ y,.',' , I* :riri/ 'it le to choose either a 

. ;■ . , 'r:'i' .Tii^l'T 'i player lo improve 

- i: to re-t -h vhe pointc n-jml^ered 

. '.• -urn will throw thf: liee, 

^ ,. . '.r. 1 ' 'r.»'f:'wni pro "Ced tO'l.' . 

, , < .. . ■ , :]r>i .-ount, and h'': must 

, : ... V \ r. ' ; i ^yr ' o P;';'di a ri'J('n 

. ,. , :■ -r.^'wl- l,a' 'iroi.t '.he dir,tritu- 

^. , , ■ ;: ; 'hr'r.wn i-npr()ve hlr> 

■ ^ ^ i ♦ i d • -irly Ivant.areoui: 

. , . . I:/-^* will b'lVf: a nv'f'h \('l\,er 

. . . • , -f. ■ , vl 1 1 f • hrowi nr a ^ . 

, ' ; ;;t ;■ • I T 'M .fV: r i mp 1 e 1', 

; , I . ; •,,..!!)' 11 :'('< t. i '.'n (d* ! h^' por; i tdon 
1 • ' ■ ir.-i 1., ♦ ^ f;tiVit,f'/'y 
,i • ' 1 » ',:! i '''^'.r ■ a i t^' fa.:--., or if 



it has one 1, two 2^s, and three 'j^r<. 

It is clear that e^ames of this t^'pe ^uve studentc considerable incentive 



to learn and use probability princlpler; which will improve their chancer^ of 
winning. With suitarle ohoices of the i'tsic dislrilujtion much of basic 
probability can te learned in thU: way. Furthermore, the kind of probabilisti 
reasoning required is very similar to the kind needed 'to make effective 
proLai'ility judgments in ordinary life situations. ^ 



• 



R. P. Dilworth 




GAt^S ON DIRECTED GRAPHS 



Stochastic games on the number line are a special case of stochastic 
games o'n directed graphs. Again there exist a number of commercial games 
which have the players move through a network, each move being determined 
by the throw of a die or a pair of dice. These games are likewise not 
particularly instructive since the play is usually a purely chance affair. 
However, games on directed graphs can easily be constructed in which an 
understanding of the underlying probability can be used to improve the 
strategy of play. Such games are potentially instructive particularly with 
regard to basic principles of probability. We give an example of a compar- 
atively simple stochastic game on directed ^raph. 

The plr-iying board has a diagram ac follows: 




Tlie game i r, played by four playerc who start in the four circular 
positions lal el S. TVicy may draw Intr, to determine who starts in each 
position. They play in the order T, TI, III, IV and, in his turn, each 
player thrown a pair of diee to determine how far he will move along the 
directed ^^raph. lie rnay muvc ,'ilonf^ any path consistent with the arrows. 
His objective is to reach the finish position F in the fewest number of 
moves. The player first passinr through a Junction secures it for himself 
and other players may not follow paths passing through that Junction. 



f'OY 
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The first player rea<.'hin[; F rn'-^kes a score of f;0 - n where n is the number 
of dots he has traversed in reaching: the finish. All other players score 
zero. Note that the first player to reach F :n?iy rtill ^^et a negative score.* 

This game clearly hac a great many more f:ti*ategi'.! possibilities than 
the previous numter line frame. For example, player IV fi^ains nothing by 
heading to the finish position directly since hin c'core is then zero, but 
by taki;ig a path higher into the rvRiph he increar.er, his chances of being 
cut off. Likewise, player I must decide whether he should take a path 
around the outside where he can rrial^^c a //ood score but runs the risk of being 
cut off of taking a path into the ^^^raph and doing some cutting off himself. 
Perhaps the numi.-ers of dots between junctions will have to be altered if a 
wide variety of st:rategies is to be oi tained. Certainly, the distribution 
of the pOEsiile steps in eajh play rnusL to used 'in er'imating the effective- 
ness of a given s/rrHt,e;;y. 

R. P. Dilworth 
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ELEMENTARY THEORY OF AREAS 



There is- a good deal of puzzle value in dissection problems and such 
experience should cei-taiply help develop spatial geometric intuition especially 
the notions of Euclidian motions or congruences. 

A pair of polygonal regions A and B are "equivalent" if A can be dissected 
into polygonal regions which can in turn be reassembled to form B. For example, 
in FIG'. 1, A is equivalent to B, B to C and A to C 



It is clear that nny pair of equivalent polygonal regions have the same area 
but the elegant thing is that the converse i3 also true: thus: "Every pair of 
polygonal regions with the same area are equivalent." It is this theorem which 
i's illustrated here. 




A 



B 



C 



YIGUUK I 
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1. Show that the two parai.lelogram A and B, (see FIG. 2), wnich have the 
same heights and bases, are equivalent. 




(Answer) superimpose bases 




and a proper dissection becomes clearer: 




2. Show that the two parallelograms A and B in FIG. 3 i^^ which they are 

illustrated with uheir bases superimposed) are equivalent. 



FIGURF 3 




(Answer) This is similar to problem 1 but requires an extra ^^ep. The 
The following illustration gives the idea: 
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3. Show that the triangular region A is equivalent to the rectangular region 
B. ( B has half the height of A). 



FIGURE h 




(Answer): from the following construction 




one obtains the dissection 




3 



h. Show that the rectangles A and B in FIG. 5 bound equivalent regions. The 
height of A is less than one and its length is greater than one. The height of 
B is equal to one and (since the areas bounded by A and B are equal) the length 
of B must be the common area of A and B. 



FIGURES ^- A B 

(Answer): make use of following construction 




choose angle a so that distance 
between e* and e" is one. 




1 e" 
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5. Using the devices Indu:nted in problems 1, 7-', 3, h one cnn show that any 
triangle is equivalent to a rectanfjle of height one. It seems reasonable (and 
it can in fact be proved) that any polyr^on can be dissected into triangles; for 
example see FIG. 6. 



FIGURE 6 




UcineX the result on triangles one can disse-t each of the triangles and 
rearnin//e into a rectangle of height one; thus 



Thi.^ not only computes U-.e areri "ri" oi' the original polygonal region 
but also goes a long wny toward r.hoving tlie genera i result mentioned on page 1. 



C. J. Titus 
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MAP COLORING PROBLEMS 



In the following we are concerned with "maps"; for example, 



FIGURE 1; 




and we are also concerned with the coloring of maps in a special way. 
We will say a map is "correctly colored" if no pair of bordering 
countries have the 'same color; for example, the following is a correct 
coloring" of the map in FIGURE 1: 



FIGUP^E 




i. Can you "correctly color" the map in FIGURE 1 with fewer than the 
five colors used in FIOUKE 2? 

?• What is the least number of colors with which on can correctly color 
the map in FIGUPE 1? (ans: 2) 

<} 

3. Draw a map whicb can be correctly colored with two colors, 
(sample answer: (^A^BjCj) 
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h. Draw a map thax can be correctly colored .with 3 colors but that cannot 

be correctly colored with 2 colors. ( sample answer: the map in FIGURE 2 ) 

5. How many countries did you have in the i^ap m problem U? Can you achieve 
the same result with fewer countries? What is the smallest number of 
countries one can have in a map and still have the same result? (answer: 3 
sample map 'a>2»-<) 

WD 

6. Draw a map that can be correctly colored with h colors but that cannot be 
correctly colored with 3 colors. Can you achieve the same result with 
fewer countries? What is the smallest number of countries one can have 
in a map and still have the same result? (answer: U; sample map 

7. Make a map using only circles; for example, 





Correctly color your map with two colors. Notice that you cannot find 
such a "circle map" that requires more than 2 colors. Can you see why 
it is that every circle map can be colored with two colors? 
(sample answer: write a number in each country which is the number of 
circles in which that country is contained. Color the even numbered 
countries one color and the odd numbered countries the other color. 



C. J. Titus 
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A COMBINATORIAL PROBLEM SOLVED BY GEOMETRY 

Consider the eight (2 ) triplets of 0*s and I's: 

000 
001 
- ' 010 
Oil 
100 
101 
110 
111 

Can you arrange these in a cycle so that neighboring triplets differ 
in only one place? This problem arises in computer design where the 
0*s and I's represent states of on-off devices ( e.q. switches, lights, 
cores). A triplet of such devices is supposed to run through all of 
its eight states over and over again. *For engineering reasons it rnay 
be awkward to switch two or more of the devices simultaneously. 
Therefore one would like to find a sequence that requires switching 
only one at each step. 

This looks like a hard proble;n- The number of possible cycles is 
enormous. 

81 = l-2-3-4-^-6-7 = 5040 

(Division by 8 because cyclic permutations indistinguishable) 
It turns out, though, that a geometric interpretation makes the problem 
easy. Consider the triplets of 0*s and I's to be coordinates of points 
in 3 space. 



21.5 
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The eight p6ints represented by the triplets lie at the vertices of 
a cube. . 



Oil 




^Neighboring vertices ( those joined by an edge ) differ in exactly 
one coordinate. The* problem then^ is to find a closed path along 
the edges of the cube which passes through each vertex once. Such 
a path ( Hamilton line ) is easy to find: 



Tracing out this path, one gets the solution: 

000 
001 
101 
100 
110 
111 
Oil 
010 



n6 
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All other Hamilton lines are rotations of the one shown above. 

Thin problem offers an excellent opportunity to discuss .higher 
dimensional geometry. To solve the problem with quadruples of. O's 
and I's one considers Hamilton line<6,on a U - cube. To show what 
ah- cube is, one con display cubes of 0, 1, 2 and 3 dimensions, 
note the induction principle, use it to get the h - cube. 

0 - cube 



1 - cube 



(2 0-cubes joined by a segment) 



2 - cube 



3 - cube 



h - cube 













L. 





(2 1-cubes with corresponding 
vertices joined) 



(2 2-cubes with corresponding 
vertices joined) 



(2 3-cultj;: with corresponding 
vertices joined) 
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The drawing is neater if you put one cube inside the other: 



3 - cube: 



\ 


/ 


/ 


\ 



(one 2-cub^ inside the' other) 



h - cube: 




(one 3 - cube inside the other) 

J 



The construction of the Hamilton line -can be generalized. Observe that 
the Kimilton line on a 3-cube first traverses one of the 2-cubes, then 
jumps to the. other 2-cube, traverses it, jumps back to starting point. 
On the if-cube: First traverse a 3-cube, jump lo the other 3-cube, 
traverse it, jump back to starting point. 



F. W. Sinden 
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